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COMPACTNESS OF OPERATORS ON THE BERGMAN SPACE OF THE
THULLEN DOMAIN
ZHENGHUI HUO AND BRETT D. WICK
Abstract. We study compact operators on the Bergman space of the Thullen domain
defined by {(z1, z2) ∈ C2 : |z1|2p + |z2|2 < 1} with p > 0 and p 6= 1. The domain need not
be smooth nor have a transitive automorphism group. We give a sufficient condition for the
boundedness of various operators on the Bergman space. Under this boundedness condition,
we characterize the compactness of operators on the Bergman space of the Thullen domain.
AMS Classification Numbers: 32A07, 32A25, 32A36, 32A50, 47B35
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1. Introduction
Let Ω be a domain in complex Euclidean space Cn and let dσ be the Lebesgue measure.
We use the symbol 〈·, ·〉 and ‖ · ‖ to denote the inner product and the norm on L2(Ω):
〈f, g〉 =
∫
Ω
f(ζ)g(ζ)dσ(ζ), (1.1)
‖f‖ =
√
〈f, f〉. (1.2)
The Bergman projection P is the orthogonal projection from L2(Ω) onto A2(Ω), the closed
subspace of square-integrable holomorphic functions on Ω. The kernel function associated
to the projection P is called the Bergman kernel and is denoted by KΩ. For fixed z ∈ Ω, we
use Kz to denote the function KΩ(·; z¯) in A2(Ω) and use kz to denote the normalized kernel
function Kz/‖Kz‖. For a function a ∈ L∞(Ω), letMa : L2(Ω)→ L2(Ω) be the multiplication
operator by a. Then the operator Ta := PMa is called the Toeplitz operator with symbol a.
Let L(A2(Ω)) denote the space of bounded linear operators on A2(Ω). The Toeplitz algebra
TL∞ is the closed subalgebra of L(A2(Ω)) generated by Toeplitz operators with L∞ symbols
TL∞ = Closure


K∑
k=1
J∏
j=1
Tuj,k : uj,k ∈ L∞(Ω) and J,K ∈ N

 ,
where the closure is in the operator norm on A2(Ω).
In a variety of classical function spaces, the compactness of a given operator can be
determined by examining only its behavior on kz. A well-known result of Sua´rez [Sua07]
showed that when Ω is the unit ball Bn in Cn, an operator T in L(A2(Bn)) is compact if
and only if T is in TL∞ and lim‖z‖→1 ‖Tkz‖ = 0. Sua´rez’s results were later extended to
various different function spaces and settings. Namely, the same results were shown to be
true for the Bargmann-Fock space [BI12], Bergman spaces on the disc and unit ball with
classical weights [MSW13], and the weighted Bergman spaces on the polydisc [MW14a].
BDW’s research is partially supported by National Science Foundation grants DMS # 1560955 and DMS #
11800057.
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By introducing the notion of the Bergman-type space, a unified approach to many of these
results was given in [MW14b]. Among these results, one of the key properties been used
was that the domain Ω has a transitive automorphism group. It is worth noting that using
the ∂¯-Neumann operator technique, versions of the Theorem 5.1 for T in some subalgebra of
T˜L∞ have also been proved on more general domains in C
n. See for example [CˇS¸13, CˇS¸Z17].
The Thullen domain we consider in this paper is defined by,
Uα = {z = (z1, z2) ∈ C2 : |z1| 2α + |z2|2 < 1}, where α > 0, α 6= 1. (1.3)
In 1931, Thullen [Thu31] showed that the holomorphic automorphism ϕ on Uα is of the
form:
ϕ(z1, z2) =

eiθ1z1


√
1− |w|2
1− z2w¯


α
, eiθ2
w − z2
1− z2w¯

 ,
where |w| < 1 and θ1, θ2 ∈ R. The same result was also obtained by Cartan [Car32] using the
Lie group approach. It’s easy to see from the formula that the holomorphic automorphism
group on Uα is not transitive. Therefore the Bergman space A2(Uα) does not fall into
the category of Bergman-type spaces in [MW14b]. However, a suitable modification of the
technique in [MW14b] will work to study compactness of operators on A2(Uα).
The results in this paper are twofold. We give a sufficient condition for the boundedness
of an operator whose adjoint and itself are defined a priori only on the linear span of the
normalized reproducing kernels {kz}. See Theorem 3.1. As a consequence, sufficient con-
ditions for the boundedness of Toeplitz operators and Hankel operators can be obtained.
See Corollaries 3.2 and 3.3. Then under the same sufficient condition we characterize the
compact operators. One of the main results (Theorem 5.3) in this paper shows that if the
sufficient condition for the boundedness result is satisfied, then
T is compact ⇐⇒ ‖Tkz‖ tends to 0 as the point z approaches the boundary of Uα.
As a consequence, we also have
If T is a Toeplitz operator with a L∞ symbol, then
T is compact ⇐⇒ ‖Tkz‖ → 0 as the point z approaches the boundary of Uα.
See Corollary 5.2.
In Section 2, we recall the explicit formula for the Bergman kernel function KUα on U
α,
and define two families of automorphisms {φz1} and {ϕz2} on Uα. We collect some basic
properties of these automorphisms and then give some key lemmas. Using these automor-
phisms, we state and prove the boundedness results in Section 3. In Section 4, we give a
geometric decomposition of Uα. See Proposition 4.1. With such a decomposition, we further
show that an operator can be approximated by a series of compact operators. See Proposi-
tion 4.4. We state and prove the compactness results in Section 5. We give some remarks
and possible directions to generalize our results in Section 6.
2. Preliminaries
From now on, we let Uα be the domain Ω and let 〈·, ·〉 and ‖ · ‖ denote the corresponding
L2 inner product and L2 norm respectively. We define the weighted measure dλ(w) on Uα
to be ‖Kw‖2dσ(w). Let D denote the unit disc in C. Given functions of several variables f
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and g, we use f . g to denote that f ≤ Cg for a constant C. If f . g and g . f , then we
say f is comparable to g and write f ≃ g.
The explicit formula for the Bergman kernel function on the Thullen domain was obtained
by Bergman [Ber36] and D’Angelo [D’A78,D’A94]. Recall that the Thullen domain
Uα = {z = (z1, z2) ∈ C2 : |z1| 2α + |z2|2 < 1}, where α > 0, α 6= 1.
For (z1, z2), (w1, w2) ∈ Uα, the Bergman kernel KUα is given by
KUα ((z1, z2); (w¯1, w¯2)) =
(α+ 1)(1− z2w¯2)α + (α− 1)z1w¯1
π2(1− z2w¯2)2−α ((1− z2w¯2)α − z1w¯1)3
. (2.1)
On the diagonal of Uα × Uα,
KUα (w1, w2; w¯1, w¯2) =
(α + 1)(1− |w2|2)α + (α− 1)|w1|2
π2(1− |w2|2)2−α
(
(1− |w2|2)α − |w1|2
)3 . (2.2)
=
(α + 1) + (α− 1) |w1|2
(1−|w2|2)α
π2(1− |w2|2)2+α
(
1− |w1|2
(1−|w2|2)α
)3 . (2.3)
For (w1, w2) ∈ Uα, we have |w1|2(1−|w2|2)α < 1. Therefore (α + 1) + (α− 1)
|w1|2
(1−|w2|2)α
≃ 1 and
KUα (w1, w2; w¯1, w¯2) ≃ 1
(1− |w2|2)2+α
(
1− |w1|2
(1−|w2|2)α
)3 . (2.4)
Similarly, we can obtain an estimate for the absolute value of KUα off the diagonal:
|KUα (z1, z2; w¯1, w¯2) | ≃ 1
|1− z2w¯2|2+α
∣∣∣1− z1w¯1
(1−z2w¯2)α
∣∣∣3 . (2.5)
We will use these estimates to simplify the computations that involves KUα .
As mentioned in Section 1, the holomorphic automorphism group on Uα is not transitive.
Still, for each point z in Uα, an (in general not holomorphic) automorphism of Uα that sends
z to the origin can be constructed and used to estimate the Bergman kernel KUα(·; z¯). Our
construction of such a mapping are as follows. For (z1, z2) ∈ Uα, we define two mappings
ϕz2 and φz1 on U
α:
ϕz2(w1, w2) =

w1


√
(1− |z2|2)
1− z¯2w2


α
,
z2 − w2
1− z¯2w2

 , (2.6)
φz1(w1, w2) =

 z1 − w11− z¯1w1 , w2


√
(1− |z1|2)
1− z¯1w1


√√√√√√(1− |w1|2)(1−
∣∣∣ z1−w1
1−z¯1w1
∣∣∣ 2α )
(1− |w1| 2α )(1−
∣∣∣ z1−w1
1−z¯1w1
∣∣∣2)

 . (2.7)
For simplicity, we let φ(1)(w) and φ(2)(w) denote the first and second coordinates of φz1(w).
Then φ(2)(w) can also be expressed as
φ(2)(w) = w2


√
(1− |z1|2)
1− z¯1w1


√√√√√(1− |w1|2)(1− |φ(1)(w)|
2
α )
(1− |w1| 2α )(1− |φ(1)(w)|2)
. (2.8)
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Both ϕz2 and φz1 are involutions on U
α. ϕz2 is a holomorphic automorphism while φz1 is not
holomorphic unless α = 1. When α = 1, the domain U1 is the unit ball B2.
By the biholomorphic transformation formula for the Bergman kernel (See [Kra01]),
KUα(w; w¯) = KUα(ϕz2(w);ϕz2(w))|Jϕz2(w)|2. (2.9)
An analogue of formula (2.9) is not true for φz2 in general since φz2 is not biholomorphic.
Instead, we have the following estimate:
Lemma 2.1. Let z and w be in Uα and let φz1(w) be as in (2.7). Then
KUα(w; w¯) ≃ KUα(φz1(w);φz1(w))|Jφz1(w)|2
(1−
∣∣∣φ(2)(w)∣∣∣2)α−1
(1− |w2|2)α−1 . (2.10)
Proof. Since 1−
∣∣∣φ(1)(w)∣∣∣2 = (1−|z1|2)(1−|w1|2)
|1−z¯1w1|2
, we have
|φ(2)(w)|2
(1− |φ(1)(w)| 2α ) =
|w2|2(1− |z1|2)(1− |w1|2)(1−
∣∣∣φ(1)(w)∣∣∣ 2α )
|1− z¯1w1|2(1− |w1| 2α )(1− |φ(1)(w)|2)(1− |φ(1)(w)| 2α )
=
|w2|2
(1− |w| 2α ) , (2.11)
or equivalently, |φ(2)(w)|2 = |w2|2(1− |φ(1)(w)| 2α )(1− |w1| 2α )−1.
By (2.4) we have
KUα (w1, w2; w¯1, w¯2) ≃ (1− |w2|2)−2−α
(
1− |w1|
2
(1− |w2|2)α
)−3
≃ (1− |w2|2)−2−α

1− |w1|
2
α
(1− |w2|2)


−3
= (1− |w2|2)1−α
(
1− |w2|2 − |w1| 2α
)−3
= (1− |w2|2)1−α
(
1− |w2|
2
1− |w1| 2α
)−3
(1− |w1| 2α )−3
≃ (1− |w2|2)1−α
(
1− |w2|
2
1− |w1| 2α
)−3
(1− |w1|2)−3. (2.12)
The second and the last approximation signs above hold by the fact that 1−r
2
1−rp
≃ 1 for any
r ∈ [0, 1) and p > 0. Similarly, we obtain
KUα
(
φz1(w);φz1(w)
)
≃ (1− |φ(2)(w)|2)1−α
(
1− |φ
(2)(w)|2
1− |φ(1)(w)| 2α
)−3
(1− |φ(1)(w)|2)−3.
(2.13)
Applying (2.11) to the right hand side of (2.13) then yields:
KUα
(
φz1(w);φz1(w)
)
≃ (1− |φ(2)(w)|2)1−α
(
1− |w2|
2
1− |w1| 2α
)−3
(1− |φ(1)(w)|2)−3. (2.14)
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We turn to compute Jφz1(w). Since
∂
∂w2
φ(1)(w) = 0, we have
Jφz1(w) =
∂
∂w1
φ(1)(w)
∂
∂w2
φ(2)(w)
=
(1− |z1|2)
(1− z¯1w1)2
√
(1− |z1|2)
1− z¯1w1
√√√√√(1− |w1|2)(1− |φ(1)(w)|
2
α )
(1− |w1| 2α )(1− |φ(1)(w)|2)
≃
(
1− |z1|2
(1− z¯1w1)2
) 3
2
. (2.15)
Combining (2.14) and (2.15) gives the desired estimate (2.10):
|Jφz1(w)|2KUα
(
φz1(w);φz1(w)
)
≃
(
1− |z1|2
|1− z¯1w1|2
)3
(1− |φ(2)(w)|2)1−α
(
1− |w2|
2
1− |w1| 2α
)−3
(1− |φ(1)(w)|2)−3
≃(1− |φ(2)(w)|2)1−α
(
1− |w2|
2
1− |w1| 2α
)−3
(1− |w1|2)−3
≃(1− |φ
(2)(w)|2)1−α
(1− |w2|2)1−α KU
α(w, w¯).

We need a Forelli-Rudin type estimate on the domain Uα. Such an estimate can be proved
using the following lemma. See for example [Zhu05].
Lemma 2.2. Let θ denote Lebesgue measure on the unit sphere Sk ⊂ Ck. For ǫ < 1 and
w ∈ Bk, let
aǫ,δ(w) =
∫
Bk
(1− |η|2)−ǫ
|1− 〈w, η〉|1+k−ǫ−δdσ(η), (2.16)
and let
bδ(w) =
∫
Sk
1
|1− 〈w, η〉|k−δdθ(η). (2.17)
Then
(1) for δ > 0, both aǫ,δ and bδ are bounded on B
k.
(2) for δ = 0, both aǫ,δ(w) and bδ(w) are comparable to the function − log(1− |w|2).
(3) for δ < 0, both aǫ,δ(w) and bδ(w) are comparable to the function (1− |w|2)δ.
Here we state a Forelli-Rudin type estimate on Uα:
Lemma 2.3. For ǫ1 < α + 1, ǫ2 < 1, ǫ3 > 0, and z ∈ Uα, let
Iδ1,δ2(z) =
∫
Uα
(1− |w2|2)−ǫ2(1− |w1|2(1−|w2|2)α )−ǫ1(1−
|z1|2
(1−|z2|2)α
)ǫ3
|1− z¯2w2|2+α−ǫ2−δ2
∣∣∣∣1− z¯1w1(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(w). (2.18)
Then for δ1 ≥ 0, δ2 > 0, Iδ1,δ2 is bounded on Uα.
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Proof. We first transform Iδ1,δ2(z) into an integral on the polydisc D
2:
Iδ1,δ2(z) =
∫
Uα
(1− |w2|2)−ǫ2(1− |w1|2(1−|w2|2)α )−ǫ1(1−
|z1|2
(1−|z2|2)α
)ǫ3
|1− z¯2w2|2+α−ǫ2−δ2
∣∣∣∣1− z¯1w1(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(w)
=
∫
D2
(1− |w2|2)α−ǫ2(1− |t1|2)−ǫ1(1− |z1|2(1−|z2|2)α )ǫ3
|1− z¯2w2|2+α−ǫ2−δ2
∣∣∣∣1− z¯1t1(1−|w2|2)α2(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(t1, w2)
=
∫
D
(1− |w2|2)α−ǫ2
|1− z¯2w2|2+α−ǫ2−δ2
∫
D
(1− |t1|2)−ǫ1(1− |z1|2(1−|z2|2)α )ǫ3∣∣∣∣1− z¯1t1(1−|w2|2)α2(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(t1)dσ(w2). (2.19)
We consider two cases: δ1 ≥ 1, and 1 > δ1 ≥ 0.
If δ1 ≥ 1, then Lemma 2.2 implies that
∫
D
(1− |t1|2)−ǫ1(1− |z1|2(1−|z2|2)α )ǫ3∣∣∣∣1− z¯1t1(1−|w2|2)α2(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(t1) < C1 (2.20)
for some constant C1. Then substituting inequality (2.20) into (2.19) and applying Lemma
2.2 again yield
Iδ1,δ2(z) < C1
∫
D
(1− |w2|2)α−ǫ2
|1− z¯2w2|2+α−ǫ2−δ2 dσ(w2) < C1C2,
for some constant C2.
If 1 > δ1 ≥ 0, then Lemma 2.2 implies that
∫
D
(1− |t1|2)−ǫ1(1− |z1|2(1−|z2|2)α )ǫ3∣∣∣∣1− z¯1t1(1−|w2|2)α/2(1−|z2|2)α2
∣∣∣∣3−ǫ1+ǫ3−δ1
dσ(t1) ≃
(
1− |z1|
2(1− |w2|2)α
(1− |z2|2)α
)δ1−1
. (2.21)
Substituting (2.21) into (2.19) yields:
Iδ1,δ2(z) ≃
∫
D
(1− |w2|2)α−ǫ2
|1− z¯2w2|2+α−ǫ2−δ2
(
1− |z1|
2(1− |w2|2)α
(1− |z2|2)α
)δ1−1
dσ(w2). (2.22)
Using polar coordinates t2 = rη for r ∈ [0, 1) and η ∈ S1, we have
Iδ1,δ2(z) ≃
∫ 1
0
∫
S1
r(1− r2)α−ǫ2
|1− z¯2rη|2+α−ǫ2−δ2 dθ(η)
(
1− |z1|
2(1− r2)α
(1− |z2|2)α
)δ1−1
dr. (2.23)
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Applying Lemma 2.2 and the substitution s = r2 to the inner integral gives
Iδ1,δ2(z) ≃
∫ 1
0
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2
(
1− |z1|
2(1− s)α
(1− |z2|2)α
)δ1−1
ds
≃
∫ 1
0
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2

1− |z1|
2
α (1− s)
1− |z2|2


δ1−1
ds
.
∫ 1
0
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds
=
∫ 1/2
0
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds+
∫ 1
1/2
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds. (2.24)
Since
∫ 1/2
0
(1−s)α−ǫ2
(1−|z2|2s)1+α−ǫ2−δ2
sδ1−1ds .
∫ 1/2
0 s
δ1−1ds . 1, it suffices to show that
∫ 1
1/2
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds . 1. (2.25)
When |z2| ∈ [0, 1/2], (1− |z2|2s) ≃ 1. We have∫ 1
1/2
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds .
∫ 1
1/2
(1− s)α−ǫ2ds . 1, (2.26)
When |z2| ∈ [1/2, 1), we have∫ 1
1/2
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 s
δ1−1ds
.
∫ 1
1/2
(1− s)α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2 ds
.
−(1− s)1+α−ǫ2
(1− |z2|2s)1+α−ǫ2−δ2
∣∣∣∣∣
1
1
2
+
∫ 1
1/2
|z2|2(1− s)1+α−ǫ2
(1− |z2|2s)2+α−ǫ2−δ2 ds
.1 +
∫ 1
1/2
|z2|2
(1− |z2|2s)1−δ2 ds = 1 + δ
−1
1 (1− |z2|2s)δ2
∣∣∣1
1
2
. 1. (2.27)
Therefore Iδ1,δ2(z) . 1 on U
α. 
To obtain the boundedness results for the operators on A2(Uα), we also need Schur’s
lemma. See [Zhu05] for a proof.
Lemma 2.4 (Schur’s Lemma). Let (X,µ) and (X, ν) be measure spaces, R(x, y) a non-
negative measurable function on X ×X, 1 < p <∞ and 1
p
+ 1
q
= 1. Suppose h is a positive
function on X that is measurable with respect to µ and ν and Cp and Cq are positive constants
such that ∫
X
R(x, y)h(y)qdν(y) ≤ Cqh(x)q for µ-almost every x ; (2.28)∫
X
R(x, y)h(y)pdν(x) ≤ Cqh(y)p for ν-almost every y . (2.29)
Then Tf(x) =
∫
X R(x, y)f(y)dν(y) defines a bounded operator T : L
p(X; ν) 7→ Lp(X;µ)
with ‖T‖Lp(X;ν)7→Lp(X;µ) ≤ C
1
q
q C
1
p
p .
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3. A sufficient condition for the boundedness
In this section we give and prove a sufficient condition for the boundedness of various
operators on the the Bergman space of the Thullen domain. See (3.3) and (3.4). These
two inequalities are stronger conditions for L2 boundedness. In fact, they imply the Lp
boundedness for a range of p. See the Remark after the proof of Theorem 3.1. As one will
see soon, when the operator T is a Toeplitz operator with bounded symbol (Corollary 3.2),
a Hankel operator with bounded symbol (Corollary 3.3), T satisfies this condition.
We begin by defining two translation operators on L2(Uα) using ϕz2 and φz1:
Uzf(w) := f(ϕz2(w))Jϕz2(w); (3.1)
Vz1f(w) := f(φz1(w))Jφz1(w). (3.2)
Here J is the holomorphic Jacobian determinant. Since ϕz2 is a biholomorphism on U
α, the
induced Uz is an isometry on L
2(Uα). Since φ(1)(w) is a holomorphic function and φ(2)(w)
is holomorphic in w2, we have
dσ(φz1(w)) = |Jφz1(w)|2dσ(w).
Therefore the induced operator Vz1 is also an isometry on L
2(Uα).
Theorem 3.1. Let T : A2(Uα) → A2(Uα) be a linear operator defined on the linear span
of the normalized reproducing kernels of A2(Uα). Assume that there exists an operator T ∗
defined on the same span such that the duality relation 〈Tkz, kw〉 = 〈kz, T ∗kw〉 holds for all
z, w ∈ Uα. If
sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα) <∞; (3.3)
sup
z∈Uα
‖Vfα(z)UzT ∗kz(w)‖Lp(Uα) <∞, (3.4)
for p > 4, then T can be extended to a bounded operator on A2(Uα).
Proof. Since the linear span of all normalized reproducing kernels is dense in A2(Uα) it
suffices to show that ‖Tf‖ ≤ f for all f that are in the linear span of the reproducing
kernels. Note that for any such f we have
‖Tf‖2 =
∫
Uα
|〈Tf,Kz〉|2dσ(z) =
∫
Uα
|〈f, T ∗Kz〉|2dσ(z)
≤
∫
Uα
∣∣∣∣
∫
Uα
〈f,Kw〉〈Kw, T ∗Kz〉dσ(w)
∣∣∣∣2 dσ(z) (3.5)
≤
∫
Uα
∣∣∣∣
∫
Uα
〈Kw, T ∗Kz〉|f(w)|dσ(w)
∣∣∣∣2 dσ(z). (3.6)
Set Rf(z) :=
∫
Uα |〈Kw, T ∗Kz〉|f(w)dσ(w). Then the L2 regularity of R will imply the L2
regularity of T . By Lemma 2.4, we need to prove that there exists an ǫ > 0 such that:∫
Uα
|〈T ∗Kz, Kw〉| ‖Kw‖ǫ dσ(w) . ‖Kz‖ǫ, (3.7)∫
Uα
|〈TKz, Kw〉| ‖Kw‖ǫ dσ(w) . ‖Kz‖ǫ. (3.8)
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Here we give the proof for inequality (3.7). Inequality (3.8) follows by the same argument.
Recall that dλ(w) = ‖Kw‖2dσ(w). Then
∫
Uα
|〈T ∗Kz, Kw〉| ‖Kw‖ǫ dσ(w) = ‖Kz‖
∫
Uα
|〈T ∗kz, kw〉| ‖Kw‖ǫ−1 dλ(w). (3.9)
Substituting w = ϕz2(t) into (3.9) yields
‖Kz‖
∫
Uα
∣∣∣〈T ∗kz, kϕz2(t)〉
∣∣∣ ∥∥∥Kϕz2(t)
∥∥∥ǫ−1 dλ(ϕz2(t)). (3.10)
By (2.9), we have dλ(ϕz2(t)) = dλ(t) and ‖Kϕz2(t)‖|Jϕz2(t)| = ‖Kt‖. Therefore
‖Kz‖
∫
Uα
∣∣∣〈T ∗kz, kϕz2(t)〉
∣∣∣ ∥∥∥Kϕz2 (t)
∥∥∥ǫ−1 dλ(ϕz2(t))
= ‖Kz‖
∫
Uα
|T ∗kz(ϕz2(t))|
‖Kϕz2(t)‖
∥∥∥Kϕz2(t)
∥∥∥ǫ−1 dλ(t)
= ‖Kz‖
∫
Uα
|T ∗kz(ϕz2(t))Jϕz2(t)|
‖Kt‖
∥∥∥Kϕz2 (t)
∥∥∥ǫ−1 dλ(t). (3.11)
Recall fα(z) = z1/(1−|z2|2)α/2. Substituting t = φfα(z)(w) into the integral above then gives
‖Kz‖
∫
Uα
∣∣∣T ∗kz(ϕfα(z)(φz1(w)))Jϕz2(φz1(w))∣∣∣
‖Kφfα(z)(w)‖
∥∥∥Kϕz2(φz1 (w))
∥∥∥ǫ−1 dλ(φfα(z)(w)). (3.12)
By Lemma 2.1, we have
dλ(φfα(z)(w)) =
(1− |w2|2)α−1
(1− |φ(2)(w)|2)α−1dλ(w); (3.13)
‖Kw‖ = ‖Kφfα(z)(w)‖|Jφfα(z)(w)|
(1− |φ(2)(w)|2)α−12
(1− |w2|2)α−12
. (3.14)
Thus (3.12) becomes
‖Kz‖
∫
Uα
∣∣∣T ∗kz(ϕz2(φfα(z)(w)))Jϕz2(φfα(z)(w))Jφz1(w)∣∣∣ (1− |w2|2)α−12 ∥∥∥Kϕz2(φfα(z)(w))
∥∥∥ǫ−1
‖Kw‖(1− |φ(2)(w)|2)α−12
dλ(w).
(3.15)
Recall that Uzf(w) = f(ϕz2(w))Jϕz2(w) and Vz1f(w) = f(φz1(w))Jφz1(w). Then (3.15) can
be expressed as follows:
‖Kz‖ǫ
∫
Uα
∣∣∣Vfα(z)UzT ∗kz(w)∣∣∣ (1− |w2|2)α−12 ∥∥∥Kϕz2(φfα(z)(w))
∥∥∥ǫ−1 ‖Kz‖1−ǫ
(1− |φ(2)(w)|2)α−12 ‖Kw‖
dλ(w). (3.16)
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Applying Ho¨lder’s inequality to (3.16) yields:
‖Kz‖ǫ
∫
Uα
∣∣∣Vfα(z)UzT ∗kz(w)∣∣∣ (1− |w2|2)α−12 ∥∥∥Kϕz2(φfα(z)(w))
∥∥∥ǫ−1 ‖Kz‖1−ǫ
(1− |φ(2)(w)|2)α−12 ‖Kw‖
dλ(w)
≤‖Kz‖ǫ

∫
Uα
(1− |w2|2) q(α−1)2
∥∥∥Kϕz2 (φfα(z)(w))
∥∥∥q(ǫ−1) ‖Kz‖q(1−ǫ)‖Kw‖q
(1− |φ(2)(w)|2) q(α−1)2
dσ(w)


1
q
(3.17)
×
(∫
Uα
|Vfα(z)UzT ∗kz(w)|pdσ(w)
) 1
p
. (3.18)
We claim by choosing appropriate p and ǫ, the integral in (3.17) is bounded as a function of
z on Uα. Substituting t = φfα(z)(w) into (3.17) gives
∫
Uα
(1− |w2|2) q(α−1)2
∥∥∥Kϕz2(φfα(z)(w))
∥∥∥q(ǫ−1) ‖Kz‖q(1−ǫ)‖Kw‖q
(1− |φ(2)(w)|2) q(α−1)2
dσ(w)
=
∫
Uα
(1− |φ(2)(t)|2) q(α−1)2
∥∥∥Kϕz2(t)
∥∥∥q(ǫ−1) ‖Kz‖q(1−ǫ)‖Kφfα(z)(t)‖q|Jφfα(z)(t)|2
(1− |t|2) q(α−1)2
dσ(t)
=
∫
Uα
‖Kt‖q(ǫ−1) |Jϕz2(t)|q(1−ǫ)‖Kz‖q(1−ǫ)‖Kt‖q|Jφfα(z)(t)|2−qdσ(t)
≃
∫
Uα
(1− |t2|2)−qǫ(2+α)2 (1− |t1|2(1−|t2|2)α )
−3qǫ
2 (1− |z1|2
(1−|z2|2)α
)
3(2−q)
2
+
3q(ǫ−1)
2
|1− z¯2t2|(2+α)q(1−ǫ)
∣∣∣∣1− z¯1t1(1−|z2|2)α2
∣∣∣∣3(2−q)
dσ(t). (3.19)
By Lemma 2.3, the integral above is bounded for z ∈ Uα if the following inequalities hold:
3qǫ
2
< 1; (3.20)
qǫ(2 + α)
2
< 1 + α; (3.21)
3(2− q)
2
+
3q(ǫ− 1)
2
> 0; (3.22)
(2 + α)q(1− ǫ) + qǫ(2 + α)
2
< 2 + α; (3.23)
3(2− q) + 3qǫ
2
− 3(2− q)
2
− 3q(ǫ− 1)
2
≤ 3. (3.24)
The last inequality is trivial. Since α > 0, inequality (3.20) implies (3.21). Both (3.22) and
(3.23) are equivalent to the ǫ > 2− 2
q
. Thus we have 2− 2
q
< ǫ < 2
3q
. Note that 2− 2
q
< 2
3q
when q < 4
3
. Hence for q < 4
3
, or equivalently for p > 4, an ǫ can be chosen from (2− 2
q
, 2
3q
).
Therefore for z ∈ Uα the following integral is bounded:
∫
Uα
(1− |w2|2) q(α−1)2
∥∥∥Kϕz2 (φfα(z)(w))
∥∥∥q(ǫ−1) ‖Kz‖q(1−ǫ)‖Kw‖q
(1− |φ(2)(w)|2) q(α−1)2
dσ(w) . 1. (3.25)
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For such p and ǫ, we have∫
Uα
|〈T ∗Kz, Kw〉|‖Kw‖ǫdσ(w) . sup
z∈Uα
‖Vfα(z)UzT ∗kz(w)‖Lp(Uα)‖Kz‖ǫ. (3.26)
Similarly we obtain∫
Uα
|〈TKz, Kw〉|‖Kw‖ǫdσ(w) . sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα)‖Kz‖ǫ. (3.27)
Lemma 2.4 then implies that T can be extended to a bounded operator on A2(Uα) if
sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα) <∞, (3.28)
sup
z∈Uα
‖Vfα(z)UzT ∗kz(w)‖Lp(Uα) <∞. (3.29)

Remark. It is worth noting that when p > 4, the inequalities (3.26) and (3.27) hold for all
ǫ ∈ (2
p
, 2
3
− 2
3p
). Using a variant of Schur’s lemma in [EM16], one can extend T to a bounded
operator on Ap
′
(Uα) for p′ ∈ (p+2
p−1
, p+2
3
). Here we focus only on the L2-boundedness of T .
In the case when T in the above theorem is a Toeplitz operator or a Hankel operator,
the conditions (3.3) and (3.4) have simpler forms. For the Toeplitz operator, we have the
following corollary:
Corollary 3.2. Let Tu be a Toeplitz operator whose symbol u satisfies
sup
z∈Uα
‖u(ϕz2(φfα(z)(w))‖Lp(Uα) <∞, (3.30)
for p > 4. Then Tu is L
2-bounded.
Proof. Recall the Bergman projection P on Uα. Notice first that for g ∈ L2(Uα),
Tug(z) = P (ug)(z) =
∫
Uα
u(w)g(w)〈Kw, Kz〉dσ(w). (3.31)
Therefore, it is enough to show that∫
Uα
|u(w)||〈Kw, Kz〉|‖Kw‖ǫdσ(w) . ‖Kz‖ǫ. (3.32)
By the same argument as in the proof of Theorem 3.1, the integral on the left hand side
above was controlled from above by
‖Kz‖ǫ
(∫
Uα
∣∣∣Vfα(z)Uzkz(w)u(ϕz2(φfα(z)(w))∣∣∣p dλ(w)
) 1
p
, (3.33)
for p > 4. We claim |Vfα(z)Uzkz(w)| . 1. Then∫
Uα
|u(w)〈Kw, Kz〉|‖Kw‖ǫdσ(w) . ‖Kz‖ǫ sup
z∈Uα
‖u(ϕz2(φfα(z)(w))‖Lp(Uα), (3.34)
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and by Lemma 2.4 the proof is complete. The biholomorphic transformation formula gives
Uzkz(w) = K(ϕz2(w); z¯)‖Kz‖−1Jϕz2(w)
=
K(w;ϕz2(z))Jϕz2(z)
‖Kz‖
=
K
(
w; z¯1
(1−|z2|2)
α
2
, 0
)
Jϕz2(z)
‖Kϕz2 (z)‖|Jϕz2(z)|
=
(
1− |z1|2
(1−|z2|2)α
) 3
2 Jϕz2(z)(
1− z¯1w1
(1−|z2|2)
α
2
)3
|Jϕz2(z)|
. (3.35)
Let φ(1)(w) denote the first coordinate of φfα(z)(w). Note that φ
(1)(w) is the Mo¨bius map of
w1 that sends the origin to fα(z). Hence
1− z¯1φ
(1)(w)
(1− |z2|2)α2
=
1− |z1|2
(1−|z2|2)α
1− z¯1w1
(1−|z2|2)
α
2
. (3.36)
Therefore
|Vfα(z)Uzkz(w)| =
(
1− |z1|2
(1−|z2|2)α
) 3
2
∣∣∣∣1− z¯1φ(1)(w)(1−|z2|2)α2
∣∣∣∣3
|Jφfα(z)(w)|
≃
∣∣∣∣1− z¯1w1(1−|z2|2)α2
∣∣∣∣3(
1− |z1|2
(1−|z2|2)α
) 3
2
(
1− |z1|2
(1−|z2|2)α
) 3
2
∣∣∣∣1− z¯1w1(1−|z2|2)α2
∣∣∣∣3
= 1. (3.37)

Similarly, we treat the case of Hankel operators. Hankel operator Hu : A
2(Uα)→ L2(Uα)
with symbol u is defined by Huf = (I − P )Muf , where P is the Bergman projection. A
similar argument gives us the following result about Ha.
Corollary 3.3. Let Hu be a Hankel operator whose symbol u satisfies
sup
z∈Uα
‖u(z)− u(ϕz2(φfα(z)(w)))‖Lp(Uα) <∞, (3.38)
for p > 4 then Hu is L
2-bounded.
4. A geometric decomposition of Uα
A geometric decomposition of Uα plays an important role in the proof the compactness
theorem. Our decomposition result uses the Skwarczyn´ski distance [Skw80]. We recall its
definition here.
Let Ω be a bounded domain in Cn and let KΩ be the Bergman kernel on Ω. Then the
Skwarczyn´ski distance d(·, ·) on Ω is defined by
d(z, w) = (1− |〈kz, kw〉|) 12 =
(
1− |KΩ(z; w¯)|
KΩ(z; z¯)
1
2KΩ(w; w¯)
1
2
) 1
2
.
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By its definition 0 ≤ d(z, w) ≤ 1. On the Thullen domain Uα, the kernel function KUα does
not vanish on Uα, and KUα(z; z¯)
−1 = 0 only when z ∈ bUα. Hence the the Skwarczyn´ski
distance d(·, ·) on Uα satisfies the following: for w ∈ Uα, the distance d(z, w) = 1 if and only
if z is a boundary point of Uα.
Our decomposition result for Uα are as follows:
Proposition 4.1. The metric space (Uα, d) satisfies the following property. For r that is
sufficiently close to 1, there exists an integer N(r) and a constant C(r) such that there is
covering Fr = {Fj} of Uα by disjoint Borel sets satisfying
(1) every point of Ω belongs to at most N(r) of sets Gj := {z ∈ Uα : d(z, Fj) ≤ r}.
(2) sup diamd Fj < C(r) for every j.
Remark. In general, if a metric space satisfies Proposition 4.1 and the constant N(r) above
does not depend on r, i.e. N(r) . 1, then the metric space is said to have finite asymptotic
dimension in the sense of Gromov [Gro87]. The finiteness of the asymptotic dimension is
satisfied for nice domains equipped with the Bergman metric such as the unit ball [Sua07] and
polydisc [MW14a] in Cn. We are able to show that Proposition 4.1 holds for the domain Uα
equipped with Skwarczynski distance. However the finiteness of the asymptotic dimension
for the metric space (Uα, d) is unclear to us.
Let s(z, w) denote |〈kz, kw〉| and set p(x) :=
√
1− x. Then the Skwarczyn´ski distance
d(z, w) = p(s(z, w)). Let D(z, r) denote the ball centered at point z of radius r under this
metric. If the distance between z and w is fixed, then we simply use s to denote s(z, w) and
use D(z, p(s)) to denote the ball D(z, r) with radius r = p(s).
The next lemma below shows that for any point z ∈ Uα the image of the ball D(z, p(s))
under the mapping φfα(z)◦ϕz2 has a size that is comparable to the size of the ball D(0, p(csβ))
for some constants c, β > 0.
Lemma 4.2. Let z and w be two points in Uα. If − log s(z, w) is sufficiently large, then
− log s(z, w) ≃ − log s(φfα(z)◦ϕz2(w), 0). Moreover, for sufficiently large − log s, there exists
constants C1, C2, a, b (independent of s) and a constant c(s) such that the weighted measure
of the ball D(z, p(s)) satisfies the following two properties:
(1) D(0, p(C1s
a) ⊆ φfα(z) ◦ ϕz2(D(z, p(s))) ⊆ D(0, p(C2sb)), and
(2) c(s)λ(D(0, p(C1s
a))) . λ(D(z, p(s))) . c(s)λ(D(0, p(C2s
b))).
Proof. Let z and w be two points in Uα such that − log s(z, w)≫ | logα|. Then − log s(z, w)
is large when it compares to
∣∣∣∣log 1−r2
1−r
2
α
∣∣∣∣ for all r ∈ [0, 1). By the definition of s(·, ·),
− log s(z, w) ≃− log |KUα(z, w¯)|
KUα(z; z¯)
1
2KUα(w; w¯)
1
2
≃ log
∣∣∣1− z¯1w1
(1−z¯2w2)α
∣∣∣3 |1− z2w¯2|2+α(
1− |z1|2
(1−|z2|2)α
) 3
2 (1− |z2|2)1+α2
(
1− |w1|2
(1−|w2|2)α
) 3
2 (1− |w2|2)1+α2
≃ log
∣∣∣1− z¯1w1
(1−z¯2w2)α
∣∣∣2(
1− |z1|2
(1−|z2|2)α
) − log
(
1− |w1|
2
(1− |w2|2)α
)
− log (1− |z2|
2)(1− |w2|2)
|1− z¯2w2|2 .
(4.1)
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By the definition of φfα and ϕz2, we have
log
∣∣∣1− z¯1w1
(1−z¯2w2)α
∣∣∣2(
1− |z1|2
(1−|z2|2)α
) − log
(
1− |w1|
2
(1− |w2|2)α
)
− log (1− |z2|
2)(1− |w2|2)
|1− z¯2w2|2
= log
1− |w1 (1−|z2|2)α/2(1−z¯2w2)α |2
1− |φ(1)(ϕz2(w))|2
− log

1− |w1
(1−|z2|2)α/2
(1−z¯2w2)α
|2
(1− | z2−w2
1−z¯2w2
|2)α

− log (1− |z2|2)(1− |w2|2)|1− z¯2w2|2 . (4.2)
Since d(z, w)≫
∣∣∣∣log 1−r2
1−r
2
α
∣∣∣∣ for all r ∈ [0, 1), we have d(z, w) ≃ d(z, w)±
∣∣∣∣log 1−r2
1−r
2
α
∣∣∣∣. Therefore
log
1− |w1 (1−|z2|2)α/2(1−z¯2w2)α |2
1− |φ(1)(ϕz2(w))|2
− log

1− |w1
(1−|z2|2)α/2
(1−z¯2w2)α
|2
(1− | z2−w2
1−z¯2w2
|2)α

− log (1− |z2|2)(1− |w2|2)|1− z¯2w2|2
≃− log
(
1− |φ(1)(ϕz2(w))|2
)
− log

1− | z2−w21−z¯2w2 |2
1− |w1 (1−|z2|2)α/2(1−z¯2w2)α |
2
α


≃− log
(
1− |φ(1)(ϕz2(w))|2
)
− log
(
1− |φ
(2)(ϕz2(w))|2
1− |φ(1)(ϕz2(w))|
2
α
)
≃− log
(
1− |φ(1)(ϕz2(w))|
2
α−|φ(2)(ϕz2(w))|2
)
≃− log

1− |φ(1)(ϕz2(w))|
2
α
1− |φ(2)(ϕz2(w))|2

− log (1− |φ(2)(ϕz2(w))|2)
≃− log
(
1− |φ
(1)(ϕz2(w))|2
(1− |φ(2)(ϕz2(w))|2)α
)
− log
(
1− |φ(2)(ϕz2(w))|2
)
≃− 3
2
log
(
1− |φ
(1)(ϕz2(w))|2
(1− |φ(2)(ϕz2(w))|2)α
)
− (1 + α
2
) log
(
1− |φ(2)(ϕz2(w))|2
)
≃− log s(φfα(z) ◦ ϕz2(w), 0). (4.3)
Hence the inequality − log s(z, w) ≃ − log s(φfα(z) ◦ ϕz2(w), 0) is proved. As a consequence,
there exists constants C1, C2, a, and b such that
C1s
a ≥ s(φfα(z) ◦ ϕz2(w), 0) ≥ C2sb.
This inequality then implies Property (1) of Lemma 4.2
D(0, p(C1s
a) ⊆ φfα(z) ◦ ϕz2(D(z, p(s))) ⊆ D(0, p(C2sb)).
We turn to prove Property (1) of Lemma 4.2 by first showing that
λ(D(z, p(s))) . c(s)λ(D(0, p(C2s
b))).
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For sufficiently small s, it is shown from above that there exists a constant C2 > 0 and b > 0
such that the set φfα(z) ◦ ϕz2(D(z, p(s))) ⊆ D(0, p(C2sb)). Therefore
λ(D(z, p(s))) =
∫
D(z,p(s))
KUα(w; w¯)dσ(w)
=
∫
φfα(z)(ϕz2 (D(z,p(s))))
KUα(ϕz2(φfα(z)(t));ϕz2(φfα(z)(t)))|J(ϕz2 ◦ φfα(z)(t)|2dσ(t)
≤
∫
D(0,p(C2sb))
KUα(ϕz2(φfα(z)(t));ϕz2(φfα(z)(t)))|J(ϕz2 ◦ φfα(z)(t)|2dσ(t)
≤
∫
D(0,p(C2sb))
KUα(φfα(z)(t);φfα(z)(t))|J(φfα(z)(t)|2dσ(t)
.
∫
D(0,p(C2sb))
KUα(t; t¯)
(1− |φ(2)(t)|2)1−α
(1− |t|2)1−α dσ(t). (4.4)
We claim that (1−|φ
(2)(w)|2)1−α
(1−|w|2)1−α
≃ c(s) for some constant that depends only on s. Then we
have λ(D(z, p(s))) . c(s)λ(D(0, p(C2s
b))), which completes the proof.
For t ∈ D(0, p(C2sb)), we have
− log s(0, t) ≃ − log
(
1− |t1|
2
(1− |t2|2)α−1 − |t2|
2
)
. − logC2sb ≃ − log s. (4.5)
Hence there exists a constant c1(s) > 0, such that
(
1− |t1|2
(1−|t2|2)α−1
− |t2|2
)
> c1(s). Since
1− |t2|2 >
(
1− |t1|2
(1−|t2|2)α−1
− |t2|2
)
, we also have 1 ≥ 1− |t2|2 > c1(s). By (2.11),
1 ≥ 1− |φ(2)(t)|2 = 1− |t2|
2(1− |φ(1)(t)|2/α)
(1− |t1|2/α)
≥ 1− |t2|
2
1− |t1|2/α
≥ 1− |t2|2 − |t1|2/α
=
(
1− |t1|
2/α
1− |t2|2
)
(1− |t2|2)
&
(
1− |t1|
2
(1− |t2|2)α
)
(1− |t2|2)
=
(
1− |t1|
2
(1− |t2|2)α−1 − |t2|
2
)
> c1(s). (4.6)
Therefore, we conclude that
(1− |φ(2)(t)|2)1−α
(1− |t|2)1−α ≤ c(s) (4.7)
for some constant that depends only on s.
Starting with a constant C1 such that D(0, p(C1s
a)) ⊆ φfα(z) ◦ ϕz2(D(z, p(s))) and then a
similar argument yields the inequality λ(D(z, p(s))) & c(s)λ(D(0, p(C1s
a))). 
The following well-known decomposition of a separable metric space in our proof of Propo-
sition 4.1. The proof of this lemma can be found in [ARS06].
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Lemma 4.3. Let (X, d) be a separable metric space and r > 0. For x ∈ Uα, let D(x, d)
denote the open ball with center x and radius r > 0 in the metric space (X, d). There is a
countable set of points {xj} and a corresponding set of Borel subsets {Qj} of X that satisfy
(1) X =
⋃
j Qj ;
(2) Qj
⋂
Qk = ∅ for j 6= k;
(3) D(xj, r) ⊂ Qj ⊂ {x ∈ X : d(D(xj, r), x) ≤ r}.
Proof of Proposition 4.1. We know that (Uα, d) is a separable metric space. We choose s as
in Lemma 4.2 and then r = p(s) will be close to 1. By Lemma 4.3, there is a collection of
points {xj} ∈ Uα and Borel sets Fj := Qj ⊂ Uα so that Fr := {Fj} is a disjoint covering of
Uα. We first prove that diamd Fj < C(r) < 1. Since Fj ⊆ {x ∈ Uα : d(D(xj , r), x) < r}, it
suffices to show that
diamd{x ∈ Uα : d(D(xj , r), x) < r} < C(r) < 1. (4.8)
Let z = (z1, z2), w = (w1, w2), and t = (t1, t2) be three points in U
α such that the distances
d(z, w) = d(w, t) = p(s) = r. We claim that d(z, t) < C(s) < 1. Then (4.8) holds. Note
that the Skwarczyn´ski distance is invariant under the holomorphic automorphism and ϕz2
sends (z1, z2) to (fα(z), 0). It is enough to show that d(z, t) < C(r) when z = (z1, 0). For
z = (z1, 0),
− log s(z, t) ≃ log |1− z1t¯1|
3
(1− |z1|2) 32
(
1− |t1|2
(1−|t2|2)α
) 3
2 (1− |t2|2) 2+α2
≃ log |1− z1t¯1|
3
(1− |z1|2) 32
(
1− |t1|2
(1−|t2|2)α
) 3
2 (1− |t2|2) 32
= I1. (4.9)
Similarly, we have
− log s(z, w) ≃ log |1− z1w¯1|
3
(1− |z1|2) 32
(
1− |w1|2
(1−|w2|2)α
) 3
2 (1− |w2|2) 32
= I2. (4.10)
and
− log s(t, w) ≃ log
|1− t2w¯2|2+α|1− t1w¯1(1−t2w¯2)α |3
(1− |t2|2)1+α2
(
1− |t1|2
(1−|t2|2)α
) 3
2
(
1− |w1|2
(1−|w2|2)α
) 3
2 (1− |w2|2)1+α2
≃ log
|1− t2w¯2|3|1− t1w¯1(1−t2w¯2)α |3
(1− |t2|2) 32
(
1− |t1|2
(1−|t2|2)α
) 3
2
(
1− |w1|2
(1−|w2|2)α
) 3
2 (1− |w2|2) 32
= I3. (4.11)
Since d(z, w) = d(t, w) = p(s), we have I2 ≃ I3 ≃ − log s. Consider I1 − I2 − I3:
I1 − I2 − I3 = log
|1− z1t¯1|3
(
1− |w1|2
(1−|w2|2)α
)3
(1− |w2|2)3
|1− z1w¯1|3|1− t2w¯2|3|1− t1w¯1(1−t2w¯2)α |3
. (4.12)
By the triangle inequality of the Bergman distance on the unit disk, we have
|1− z1t¯1|3
|1− z1w¯1|3 .
|1− w1t¯1|3
(1− |w1|2)3 .
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Applying this inequality to (4.12) yields
I1 − I2 − I3 . log
|1− w1t¯1|3
(
1− |w1|2
(1−|w2|2)α
)3
(1− |w2|2)3
(1− |w1|2)3|1− t2w¯2|3|1− t1w¯1(1−t2w¯2)α |3
. (4.13)
Further applying the estimate that 1−t
2
1−t
2
α
≃ 1 to the right hand side of (4.13) gives
log
|1− w1t¯1|3
(
1− |w1|2
(1−|w2|2)α
)3
(1− |w2|2)3
(1− |w1|2)3|1− t2w¯2|3|1− t1w¯1(1−t2w¯2)α |3
. log
|1− w1t¯1|3
(
1− |w1|
2
α
1−|w2|2
)3
(1− |w2|2)3
(1− |w1| 2α )3|1− t2w¯2|3
(
1−
∣∣∣ t1w¯1
(1−t2w¯2)α
∣∣∣)3
. log
|1− w1t¯1|3
(
1− |w2|2
1−|w1|
2
α
)3
(
|1− t2w¯2| − |t1w¯1| 1α
)3
. log
|1− w1t¯1|3
(
1− |w2|2
1−|w1|
2
α
)3
(1− |t1w¯1|)3
(
1− |t2w¯2|
1−|t1w¯1|
1
α
)3
. log
|1− w1t¯1|3
(1− |t1w¯1|)3 .
When |t2w¯2| > s 13 , we have 1− |t1w¯1| 1α > |t2w¯2| > s 13 . Then
log
|1− w1t¯1|3
(1− |t1w¯1|)3 . log
|1− w1t¯1|3
(1− |t1w¯1| 1α )3
< log
|1− w1t¯1|3
s
. − log s.
Hence d(z, t) =
√
1− s(z, t) < √1− sb for some constant b.
When |t2w¯2| < s 13 , we write 1− t2w¯2 = r1eiθ1 where r1 = |1− t2w¯2|. Using trigonometric
geometry, we have
|θ1| ≃ | sin θ1| ≤ |t2w¯2| < s 13 .
We also write the function
t1w¯1
(1− t2w¯2)α = r2e
iθ2 .
Thus t1w¯1 = r
α
1 r2e
i(αθ1+θ2). We claim there is a constant c > 0 such that
|1− t1w¯1| < s−c(1− |t1w¯1|). (4.14)
Assuming the claim, we have
log
|1− w1t¯1|3
(1− |t1w¯1|)3 . log
s−c(1− |t1w¯1|)
(1− |t1w¯1| 1α )
. log
1
sc
. −c log s,
which implies that d(z, t) < C(s) < 1, and the proof for Part (2) of Proposition 4.1 is
complete. We show the claim by contradiction. Suppose (4.14) is not true. Then for any
large constant c, there exists points t = (t1, t2) and w = (w1, w2) in U
α such that
|1− t1w¯1| ≥ s−c(1− |t1w¯1|).
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Thus we have
s−2c ≤ |1− t1w¯1|
2
(1− |t1w¯1|)2
=
1 + r21r
2
2 − 2r1r2 cos(αθ1 + θ2)
1 + r21r
2
2 − 2r1r2
=1 +
2r1r2(1− cos(αθ1 + θ2))
1 + r21r
2
2 − 2r1r2
=1 +
4r1r2 sin
2(αθ1+θ2
2
)
1 + r21r
2
2 − 2r1r2
=1 +
4r1r2(sin(
αθ1
2
) cos( θ2
2
) + cos(αθ1
2
) sin( θ2
2
))2
1 + r21r
2
2 − 2r1r2
.
r2 sin
2(αθ1
2
)
(1− |t1w¯1|)2 +
r2| sin(αθ12 )|| sin( θ22 )|
(1− |t1w¯1|)2 +
r2 sin
2( θ2
2
)
(1− |t1w¯1|)2 . (4.15)
Since |θ1| ≃ | sin θ1| ≤ |t2w¯2| < s 13 for sufficient small s, we have sin2(αθ12 ) . α
2|t2w¯2|2
4
and
hence
r2 sin
2(αθ1
2
)
(1− |t1w¯1|)2 +
r2| sin(αθ12 )|| sin( θ22 )|
(1− |t1w¯1|)2 +
r2 sin
2( θ2
2
)
(1− |t1w¯1|)2
.
r2|t2w¯2|2
(1− |t1w¯1|)2 +
r2|t2w¯2|| sin( θ22 )|
(1− |t1w¯1|)2 +
r2 sin
2( θ2
2
)
(1− |t1w¯1|)2
.
r2| sin( θ22 )|
(1− |t1w¯1|) +
r2 sin
2( θ2
2
)
(1− |t1w¯1|)2 . (4.16)
Note that s(w, t) = |〈kw, kt〉| = s. There exists a constant b > 0 such that
|1− t1w¯1
(1−t2w¯2)α
|2(
1−
∣∣∣ t1w¯1
(1−t2w¯2)α
∣∣∣)2 =
(1− r2)2 + 4r2 sin2( θ22 )
(1− r2)2
≤(1− r2)
2 + 4r2 sin
2( θ2
2
)(
1− |t1w¯1|
(1−|t2w¯2|)α
)2
≤
∣∣∣1− t1w¯1
(1−t2w¯2)α
∣∣∣2(
1− |t1w¯1|
(1−|t2w¯2|)α
)2 . s−b. (4.17)
Therefore
s−2c .
r2| sin( θ22 )|
(1− |t1w¯1|) +
r2 sin
2( θ2
2
)
(1− |t1w¯1|)2 .
r2 sin
2( θ2
2
)(
1− |t1w¯1|
(1−|t2w¯2|)α
)2 . s−b. (4.18)
Since s is chosen to be sufficiently small, the inequality above implies that 2c < b which
contradicts the assumption that c can be arbitrarily large. Hence (4.8) is proved.
It remains to show that every point of Uα belongs to at most N(r) of sets
Gj := {z ∈ Uα : d(z, Fj) ≤ r}.
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Since Fj ⊆ {x ∈ Uα : d(D(xj , r), x) < r}, we clearly have Gj ⊂ D(xj , p(sb)) for some
constant b > 1. It suffices to prove that the corresponding balls D(xj , p(s
b)) have a finite
intersection property. Our argument about diamd Fj also implies that the set
{x ∈ Uα : d(D(xj, p(sb)), x) < p(sb)}
is contained in D(xj, p(s
b2)). Suppose that z ∈ ∩Nl=1D(xl, p(sb)). Then we have
N⋃
l=1
D(xl, p(s
b)) ⊂ D(xk, p(sb5)),
where we have fixed one of the N balls, the one centered at xk. Since D(xl, p(s)) are disjoint,
N∑
l=1
λ(D(xl, p(s))) ≤ λ(D(xk, p(sb5))).
Therefore Lemma 4.2 implies that
c(s)λ(D(0, p(s)))N ≃
N∑
l=1
λ(D(xl, p(s))) ≤ λ(D(xk, p(sb5))) ≃ c(sb5)λ(D(0, p(sb5))),
and
N .
c(sb
5
)λ(D(0, p(sb
5
)))
c(s)λ(D(0, p(s)))
=: C(s).
Here C(s) is a constant depending only on s and the proof is complete. 
With the decomposition from Proposition 4.1, we obtain the following localization property
which is a crucial step towards the compactness results.
Proposition 4.4. Let T : A2(Uα)→ A2(Uα) be a linear operator. If
sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα) <∞, and (4.19)
sup
z∈Uα
‖Vfα(z)UzT ∗kz(w)‖Lp(Uα) <∞. (4.20)
for some p > 4, then for every ǫ > 0 there exists r > 0 such that for the covering Fr = {Fj}
from Proposition 4.1
‖T −∑
j
M1FjTPM1Gj ‖ < ǫ. (4.21)
Proof. We set R(z, w) =
∑
j 1Fj(z)1Gcj (w)|〈T ∗Kz, Kw〉|, h(z) = ‖Kz‖t. Let {Fj} and {Gj}
be as in the proof of Lemma 4.2 and Proposition 4.1 provided the radius r = p(s). Since
{Fj} form a covering for Uα there exists a unique j such that z ∈ Fj. Then we have∫
Uα
R(z, w)‖Kw‖tdσ(w) =
∫
Uα
1Fj(z)1Gcj (w)|〈T ∗Kz, Kw〉|‖Kw‖tdσ(w)
=
∫
Gcj
1Fj(z)|〈T ∗Kz, Kw〉|‖Kw‖tdσ(w)
≤
∫
D(z,p(s))c
|〈T ∗Kz, Kw〉|‖Kw‖tdσ(w). (4.22)
By a same argument as in the proof of Theorem 3.1 and the following fact from Lemma 4.2
φfα(z) ◦ ϕz2(D(z, p(s))) ⊇ D(0, p(C1sa)),
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we have∫
D(z,p(s))c
|〈T ∗Kz, Kw〉|‖Kw‖tdσ(w)
.
∫
D(0,p(C1sa))c
∣∣∣Vfα(z)UzT ∗kz(w)∣∣∣ (1− |w2|2)α−12 ∥∥∥Kϕz2(φfα(w)(w))
∥∥∥t−1 ‖Kz‖1−t
(1− |φ(2)(w)|2)α−12 ‖Kw‖
dλ(w), (4.23)
and therefore for p > 4∫
Uα
R(z, w)‖Kw‖tdσ(w)
. ‖Kz‖t

∫
Uα
(1− |w2|2) q(α−1)2
∥∥∥Kϕz2(φfα(z)(w))
∥∥∥q(t−1) ‖Kz‖q(1−t)‖Kw‖q
(1− |φ(2)(w)|2) q(α−1)2
dσ(w)


1
q
(4.24)
×
(∫
D(0,p(C1sa))c
|Vfα(z)UzT ∗kz(w)|pdσ(w)
) 1
p
. ‖Kz‖t
(∫
D(0,p(C1sa))c
|Vfα(z)UzT ∗kz(w)|pdσ(w)
) 1
p
. (4.25)
Since sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα) <∞, the integral
(∫
D(0,p(C1sa))c
|Vfα(z)UzT ∗kz(w)|pdσ(w)
) 1
p
approaches 0 when s→ 0.
Next, we check the second condition. Fix w ∈ Uα. Let J be a subset of all indices j such
that w /∈ Gj. Then ∪j∈JFj ⊆ D(w, r)c and hence∫
Uα
R(z, w)‖Kz‖tdσ(z) =
∫
∪j∈JFj
|〈TKw, Kz〉|‖Kz‖tdσ(z)
≤
∫
D(w,r)c
|〈TKw, Kz〉|‖Kz‖tdσ(z). (4.26)
Using the same estimates as above, we obtain that∫
Uα
R(z, w)‖Kz‖tdσ(z) . C(r)‖Kz‖t, (4.27)
where C(r)→ 0 as r → 1. This proves the proposition. 
Proposition 4.4 together with the following lemma gives an approximation of the bounded
operator T using a series of compact operators. See [Eng92] for the proof of the lemma.
Lemma 4.5. Let G be a precompact Borel set G in Uα. Then T1G is compact on A
2(Uα).
5. The compactness of operators
Now we are ready to state and prove the main theorem for the compactness.
Theorem 5.1. Let T : A2(Uα)→ A2(Uα) be a linear operator. If
sup
z∈Uα
‖Vfα(z)UzTkz(w)‖Lp(Uα) <∞; (5.1)
sup
z∈Uα
‖Vfα(z)UzT ∗kz(w)‖Lp(Uα) <∞, (5.2)
for some p > 4, then limd(z,0)→1 ‖Tkz‖ = 0 if and only if T is compact.
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Proof. Suppose T is compact. Then T sends weakly convergent sequences to strongly con-
vergent sequences. To prove that limd(z,0)→1 ‖Tkz‖ = 0, it suffices to show that the weak
limit of kz is zero as d(z, 0)→ 1. Since {kw} is dense in A2(Uα), it is enough to prove that
for each fixed w ∈ Uα, 〈kz, kw〉 → 0 as d(z, 0)→ 1. Note that
|〈kz, kw〉| = |KU
α(z; w¯)|
‖Kz‖‖Kw‖ . (5.3)
By Formulas (2.4) and (2.5), both ‖Kw‖ and |KUα(z; w¯)| are bounded for fixed w. Therefore
〈kz, kw〉 → 0 as d(z, 0)→ 1.
We turn to prove the other direction of the statement. Fix a small ǫ > 0. By Proposition
4.4, there exists a large s such that for the covering Fr = {Fj} associated to s
‖T −∑
j
M1FjTPM1Gj ‖ < ǫ. (5.4)
By Lemma 4.5, the Toeplitz operators PM1Gj are compact. The sum
∑
j≤mM1FjTPM1Gj is
compact for every m ∈ N. So, it is enough to show that
lim sup
m→∞
‖∑
j>m
M1FjTPM1Gj ‖ . ǫ. (5.5)
Let f ∈ A2(Uα) be arbitrary of norm no greater than 1. Then,
‖Tmf‖2 =
∑
j>m
‖M1FjTPM1Gj f‖2
=
∑
j>m
‖M1FjTPM1Gj f‖2
‖M1Gj f‖2
‖M1Gj f‖2 ≤ N(s) sup
j>m
‖M1FjT lj‖2, (5.6)
where N(s) is the number of overlaps when radius r = p(s) from Proposition 4.1 and
lj :=
PM1Gj f
‖M1Gj f‖
. (5.7)
Therefore,
‖Tm‖ ≤ N(s) sup
j>m
sup
‖f‖=1

‖T lj‖ : lj =
PM1Gj f
‖PM1Gj f‖

 , (5.8)
and hence
lim sup
m→∞
‖Tm‖ ≤ N(s) lim sup
j→∞
sup
‖f‖=1

‖T lj‖ : g =
PM1Gj f
‖PM1Gj f‖

 . (5.9)
Let ǫ > 0. There exists a normalized sequence {fj} in A2(Uα) such that
N(s) lim sup
j→∞
sup
‖f‖=1

‖T lj‖ : g =
PM1Gj f
‖PM1Gj f‖

− ǫ ≤ N(s) lim supj→∞ ‖Tgj‖, (5.10)
where
gj :=
PM1Gj fj
‖PM1Gj fj‖
=
∫
Gj
〈fj , kw〉kwdλ(w)(∫
Gj
|〈fj, kw〉|2dλ(w)
)1
2
. (5.11)
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For each j pick zj = (xj, yj) ∈ Gj = {z ∈ Uα : d(z, Fj) ≤ r}. There exists s > 0 such that
Gj ⊂ D(zj , s) for all j. By a change of variables, we have
gj(t) =
∫
φfα(zj )◦ϕyj (Gj)
aj(ϕyj(φfα(zj)(w)))kϕyj (φfα(zj )(w))(t)dλ(ϕyj(φfα(zj)(w))), (5.12)
where aj(w) is defined to be
〈fj, kw〉(∫
Gj
|〈fj, kw〉|2dλ(w)
)1
2
. (5.13)
We claim that gj = UzjVfα(zj)hj , where
hj(t) :=
∫
φfα(zj)◦ϕyj (Gj)
aj(ϕyj (φfα(zj)(w)))Vfα(zj)Uzjkϕyj (φfα(zj)(w))(t)dλ(ϕyj(φfα(zj)(w))).
(5.14)
Notice that both Uzj and Vfα(zj) are involutions, and hj ∈ L2(Uα). The claim can be proved
by showing that for each g ∈ L2(Uα) we have 〈g, gj〉 = 〈UzjVfα(zj)g, hj〉. This identity can
be obtained by a change of variables and using Fubini’s Theorem. Now we consider the
integrand in (5.14).
Vfα(zj)Uzjkϕyj (φfα(zj)(w))(t)
=
KUα(ϕyj(φfα(zj)(t));ϕyj(φfα(zj)(w)))Jϕyj ◦ φfα(zj)(t)
‖Kϕz2(φfα(z)(w))‖
=
KUα(φfα(zj)(t);φfα(zj)(w))Jφfα(zj)(t)
Jϕyj (φfα(zj)(w))‖Kϕz2(φfα(z)(w))‖
=
KUα(φfα(zj)(t);φfα(zj)(w))Jφfα(zj)(t)
‖Kφfα(z)(w)‖
|Jϕyj (φfα(zj)(w))|
Jϕyj (φfα(zj)(w))
≃C(w)KUα(φfα(zj)(t);φfα(zj)(w))Jφfα(zj)(t)Jφfα(zj)(w)
× |Jφfα(zj)(w)Jϕyj(φfα(zj)(w))|(1− |w2|
2)
α−1
2
Jφfα(zj)(w)Jϕyj(φfα(zj)(w))‖Kw‖(1− |φ(2)(w)|2)
α−1
2
, (5.15)
where C(w) is a bounded continuous function on Uα. For the simplicity of notations, we set
Uzj (t;w) := KUα(φfα(zj)(t);φfα(zj)(w))Jφfα(zj)(t)Jφfα(zj)(w), (5.16)
bj(ϕyj(φfα(zj)(w))) := aj(ϕyj(φfα(zj)(w)))
C(w)|Jφfα(zj)(w)Jϕyj(φfα(zj)(w))|(1− |w2|2)
α−1
2
Jφfα(zj)(w)Jϕyj(φfα(zj)(w))‖Kw‖(1− |φ(2)(w)|2)
α−1
2
.
(5.17)
Then (5.14) can be written as
hj(t) =
∫
φfα(zj)◦ϕyj (Gj)
bj(ϕyj (φfα(zj)(w)))Uzj(t;w)dλ(ϕyj(φfα(zj)(w))). (5.18)
Recall from the proof of Proposition 4.1 that Gj ⊆ D(zj, p(sc)) for some constant c. Hence
Lemma 4.2 implies φfα(zj) ◦ ϕyj(Gj) ⊆ D(0, p(C2sb)) for some constants C2 and b. Lemma
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4.2 together with Lemma 2.1 also implies the total variation of each member of the sequence
of measures
{bj(ϕyj(φfα(zj)(w)))dλ(ϕyj(φfα(zj)(w)))},
as elements in the dual of C(D(0, p(C2sb))), satisfies
‖bj(ϕyj(φfα(zj)(w)))dλ(ϕyj(φfα(zj)(w)))‖ . c(s)λ(D(0, p(C2sb))). (5.19)
By its definition, Uzj (t;w) can be continuously extended to an open neighborhood of the
domain Uα ×D(0, p(C2sb)). Thus Uzj (t;w) is uniformly continuous on Uα ×D(0, p(C2sb)).
For the same ǫ as above, there exists finitely many disjoint subsets H(l)zj in D(0, p(C2s
b)) and
finitely many points {ζl} such that the following statements hold
(1) D(0, p(C2sb)) = ∪lH(l)zj .
(2) ζl ∈ H(l)zj for each l.
(3) |Uzj(t;w)−Uzj(t; ζl)| < ǫN(s)−1c(s)−1λ(D(0, p(C2sb)))−1 for any t ∈ Uα and w ∈ H(l)zj .
Therefore,∣∣∣∣∣hj(t)−
∑
l
∫
H
(l)
zj
Uzj (t; ζl)bj(ϕyj (φfα(zj)(w)))dλ(ϕyj(φfα(zj)(w)))
∣∣∣∣∣
=
∣∣∣∣∣
∑
l
∫
H
(l)
zj
(
Uzj (t;w)− Uzj (t; ζl)
)
bj(ϕyj (φfα(zj)(w)))dλ(ϕyj(φfα(zj)(w)))
∣∣∣∣∣ ≤ ǫN(s) . (5.20)
Since UzjVfα(zj) preserves the Lebesgue L
2 norm, we have
N(s)‖TUzjVfα(zj)hj‖ . ǫ+N(s)‖TUzjVfα(zj)
∑
l
clUzj (t; ζl)‖, (5.21)
where cl =
∫
H
(l)
zj
bj(ϕyj (φfα(zj)(w)))dλ(ϕyj(φfα(zj)(w))). Note that (4.7) and (5.15) imply
UzjVfα(zj)Uzj (t; ζl) ≃ C1(w)kϕyj (φfα(zj)(ζl)(t), (5.22)
where |C1(w)| is also controlled by s. (5.19) and (5.22) together with triangle inequality give
N(s)‖TUzjVfα(zj)hj‖ . ǫ+N(s)c(s)λ(D(0, p(C2sb))) sup
ζ∈D(0,p(C2sb))
‖Tkϕyj (φfα(zj)(ζ))‖. (5.23)
Finally we have
lim sup
m→∞
‖Tm‖ .N(s) lim sup
j→∞
‖Tgj‖+ ǫ
=N(s) lim
j→∞
‖TUzjVfα(zj)hj‖+ ǫ
.N(s)c(s)λ(D(0, p(C2s
b))) lim sup
j→∞
sup
ζ∈D(0,p(C2sb))
‖Tkϕyj (φfα(zj)(ζ))‖+ ǫ. (5.24)
Since d(zj , 0)→ 1 as j →∞ and d(·, ·) is invariant under φfα(z) ◦ ϕz2 in the sense of Lemma
4.2, we have d(ϕyj(φfα(zj)(ζ)), 0) → 1 for all ζ ∈ D(0, p(C2sb)). Then limd(z,0)→1 ‖Tkz‖ = 0
implies that lim supm→∞ ‖Tm‖ . ǫ, which completes the proof. 
By Corollary 3.2, Toeplitz operators with L∞ symbols satisfy conditions (5.1) and (5.2)
in Theorem 5.1. Hence we also have the following result:
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Corollary 5.2. Let T is a Toeplitz operator with a L∞ symbol. Then T is compact if and
only if
lim
d(z,0)→1
‖Tkz‖ = 0.
6. Generalizations and remarks
In this section, we point out possible generalizations of our results along several directions.
1. It is natural to further ask if Corollary 5.2 holds when T is a finite sum of finite prod-
ucts of Toeplitz operators with L∞ symbols. In the classical cases like the Bergman space
on the unit ball, the corresponding conditions (5.1) and (5.2) for such a T can be ob-
tained using the Lp boundedness of the Bergman projection together with the biholomor-
phic transformation formula for the Bergman kernel function (off the diagonal). See for
instances [AZ98, Sua07,MSW13,MW14b]. In our case, the Bergman projection on Uα is
indeed Lp bounded. See for example [Huo17b]. On the other hand, the automorphism we
use is not holomorphic. Hence it’s not clear to us whether (5.1) and (5.2) is still true when
T is a finite sum of finite products of Toeplitz operators with L∞ symbols.
2. In the paper, we focus on the domain {(z1, z2) ∈ C2 : |z1|2/α + |z2|2 < 1} with α > 0 for
the simplicity of the argument. Explicit formulas like (2.1) are available for the Bergman
kernel function on a large family of domains, including the generalized Thullen domain
{(z, w) ∈ Cn × Cm : ‖z‖2p + ‖w‖2 < 1},
and the Fock-Bargmann-Hartogs domain
{(z, w) ∈ Cn × Cm : ‖z‖ < e−‖w‖2}.
See [D’A78,D’A94,BFS99,Yam13,Huo17a]. It would be interesting to see if the boundedness
and compactness results can be generalized to those domains using similar techniques.
3. Our results focus on L2 operators. Lp analogues of Theorem 5.1 are obtained for the
Bargmann-Fock space [BI12], Bergman spaces on the disc and unit ball with classical weights
[MSW13], and the weighted Bergman spaces on the polydisc [MW14a]. It is also possible to
generalize our results in the Lp setting for 1 < p <∞.
4. Another theme in this subject is to use weaker conditions that involves the Berezin trans-
form to determine the compactness of an operator on the Bergman space. For an operator
T ∈ A2(Ω), the Berezin transform of T is defined by B(S)(z) := 〈Tkz, kz〉. It is shown
in [Sua07] that an operator on A2(Bn) is compact if and only if T ∈ TL∞ and B(T )(z) van-
ishes as ‖z‖ goes to 1. One of the obstacles of relating ‖Tkz‖ to B(T )(z) in our setting is that
Vfα(z)Uz is not an operator on A
2(Uα): to keep the range of the operator be in A2(Uα), the
domain of Vfα(z)Uz will not be A
2(Uα) and will vary for different z. It would be interesting
to see if limd(z,0)→∞B(T )(z) = 0 also implies limd(z,0)→∞ ‖Tkz‖ = 0.
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